We present a study of the heavy-light spectrum and of the D-and B-meson decay constants. The results were obtained in the quenched approximation, by using the nonperturbatively improved Clover lattice action at β = 6.2, with a sample of 100 configurations, on a 24 3 × 64 lattice. After a careful analysis of the systematic errors present in the extraction of the physical results, by assuming quite conservative discretization errors, we find f Ds = 231 ± 12
Introduction
In this paper, we present the results of a lattice calculation of physical quantities of phenomenological interest for heavy quarks, such as their mass spectrum and decay constants. In order to reduce the systematic errors, we have performed calculations using the most recent developments in the lattice approach, namely:
1. The non-perturbatively improved lattice Clover action [1] , which we denote as "Alpha action" [2, 3, 4 ] (see also [5] ), with the coefficient of the chromomagnetic operator computed in Ref. [3] ;
2. Non-perturbatively improved vector and axial-vector currents, the renormalization coefficients of which have been computed, using the Ward Identities method [2, 6, 7] , in Refs. [3, 4, 8] ;
The use of non-perturbatively improved actions and operators allows us to reduce the discretization errors to O(a 2 ). This is particularly important for heavy quark physics since, in current lattice simulations, the typical heavy quark mass m Q is rather large, m Q a ∼ 0.3-0.6. Since the coefficient of the Clover term is known non-perturbatively, the hadron spectrum is definitively improved to O(a 2 ). Unfortunately, the program of removing all the O(a) corrections in the operator matrix elements out of the chiral limit has not been completed yet, although strategies to this purpose already exist [9, 10] . For this reason, in some cases, we have used the improvement coefficients (b A , c V , b m ) evaluated at first order in (boosted) perturbation theory [11] , thus leaving us with O(α 2 s am) corrections, where m is the relevant quark mass.
After a careful analysis of the systematic uncertainties present in the extraction of the physical results, by assuming quite conservative errors, and bearing in mind the systematic effects due to the quenched approximation, the main results of our investigation are the following: i) For D mesons we find: 
where f D * and f D * s are the vector-meson decay constants. The latter quantities are not measured experimentally, but enter the calculation of two-body non-leptonic B-decays computed using factorization [12] . Thus, they are useful for checking the factorization hypothesis with charmed vector mesons in the final states.
ii) For B mesons, we find: Following Ref. [13] , we have also directly computed the ratio f B f Ds = 0.78 ± 0.04
from which, using the experimental result, f 
Although with a larger error, the result in Eq. (4) is well compatible with the value given in (2).
iii) To reduce the effects of the quenched approximation, we have also used the Grinstein double-ratio method (illustrated below), obtaining
The latter ratio would give as the best estimate for f B :
With the double ratio method we also obtained r B /r D = 1.03(4) .
iv) We made a detailed study of the hyperfine splitting and of the scaling laws for masses and decay constants, as predicted by the heavy quark symmetry. The results of this study can be found below.
We now give the details of our analysis and of the methods used to extract the different physical quantities. Since most of the techniques are by now standard and have been described ad abundantiam in the literature 2 , we only focus on those points which are either less common or new. More details on the calibration of the lattice spacing and on the extraction of the hadron masses and matrix elements can be found in Refs. [17, 18] . The remainder of this paper is organized as follows. In Sec. 2, we list the main parameters of our simulation and introduce the basic notation necessary for the discussion of the results. The heavy-light meson masses and decay constants in lattice units are also given in this section. Since the systematic effects related to the extrapolation/interpolation to the physical point, although related, are quite different in the two cases, we present separately the physical predictions for D and B mesons, in Sec. 3 and Sec. 4, respectively. In Sec. 5, we discuss the scaling laws predicted by the heavy quark effective theory (HQET) and other related subjects.
Lattice results
In this section, we give the essential information about our numerical calculation and establish the basic notation. We then present our results for the heavy-light meson masses and decay constants in lattice units.
The numerical simulation has been performed on a 24 3 × 64 lattice, at β = 6.2, in the quenched approximation. All results and errors have been obtained with a statistical sample of 100 independent gauge field configurations, using the jackknife method with different decimations. We have used the non-perturbatively improved lattice Clover action, with c SW = 1.614 [3] . We work with four values of κ light , and four κ heavy :
From the study of the light-hadron spectrum, we obtained
where κ q , corresponds to the light quark mass m q (with q = u, d), and κ s to the strangequark mass, m s . The above values have been obtained from the physical pion and kaon masses, by using the method of physical lattice planes [19] . All details regarding light hadron spectroscopy and decay constants, can be found in Refs. [17, 18] .
For the mass spectrum, following the standard procedure, we measured suitable two-point correlation functions, from which we can isolate the lowest lying states
where
In Fig. 1 , we show the effective masses for the pseudoscalar and vector heavy-light mesons at fixed heavy quark mass. By inspection, we established the fit intervals t ∈ [20, 28] , and t ∈ [22, 28] , for the pseudoscalar and vector cases, respectively. The resulting pseudoscalar and vector masses in lattice units, as well as the matrix elements, Z P S = | P S( p = 0)|J P S |0 | 2 and Figure 1 : Effective masses of heavy-light pseudoscalar and vector mesons as a function of the time in lattice units. In each figure, the heavy quark mass (corresponding to κ h = 0.1220) is fixed, and combined with four different light quark masses.
"Flavor" content We used the standard procedure to extract the pseudoscalar and vector decay constants. This procedure consists in calculating the ratios
where we assumed the usual definitions 0|Â 0 |P S( p = 0) = iF P S M P S , and
We denote decay constants and meson masses in lattice units by capital letters, and the hat reminds us that the quantity is improved and renormalized. In practice, one first partially improves the bare lattice currents (for clarity, we write the lattice spacing a explicitly):
V ), (12) and then multiplies the currents by suitable overall factorŝ
In the calculation of the different correlations above, when the lowest state is well isolated, we may use
aF (1)
, and aF
The values of the decay constants are given in Tab. 2. The improvement coefficients and the renormalization constants are catalogued in Tab. 3, where we also display the one-loop results obtained by using boosted perturbation theory (BPT) at β = 6.2 [11, 20] 3 . Recall that the corrective coefficients b J enter with the "average" quark mass defined as am = am ij = 1 2 (am i + am j ), where the bare mass is the one derived from the vector Ward identity, namely
In the following, we denote by m q and m Q the generic light and heavy quark masses, whereas the quark masses expressed in terms of the corresponding hopping parameters, as in Eq. (16) . This possibility is not excluded a priori, but it is difficult to accommodate it in the pattern of all other improvement coefficients: when known non-perturbatively, their value is always close to the corresponding (boosted) perturbative one and never differs by one order of magnitude. Secondly, by using c NP V = −0.214(74), the ratio of the vector to the pseudoscalar meson decay constants f H * /f H badly fails in approaching one, as M H increases, contrary to what is predicted by heavy quark symmetry. More details on this scaling law will be given in Sec. 5. For these reasons, we find it safer to use the c BP T V . We believe that the preliminary determination of c NP V in Ref. [8] has some problem and prefer to wait for the final results.
3 This corresponds to the use of g 2 = 1.256, in the perturbative formulae. 
D-meson spectrum and decay constants
In this section, we discuss the D-meson spectrum and decay constants. Preliminary results of this study were given in Ref. [22] 4 . In Tab. 4, we tabulate the results for the heavy-light meson masses, M H (m h , m ℓ ), obtained from a linear extrapolation (interpolation) in the light quark mass (to reach q = u, d and s). This was achieved by using the method of physical lattice planes. In Ref. [17] , we extracted the M π , and the hypothetical pseudoscalar M ηss , which (when squared) are proportional to m q and m s , respectively. For the generic physical quantity in the heavy-light meson sector F H (m h , m ℓ ), we use the following form of fit
Renormalization constants (in the chiral limit) where the heavy quark mass (i.e. κ h ) is kept fixed. The coefficients of such a fit, α h , β h , γ h , are then used to obtain F H (m h , m q ) and F H (m h , m s ), by inserting on the r.h.s. of (17), M 2 π and M 2 ηss , respectively. In practice, it turns out that the linear (γ h = 0) and quadratic (γ h = 0) fits give essentially the same results for any physical quantity considered in this study 5 . In Fig. 2 , we show this effect for the pseudoscalar decay constant. Therefore, in all results that we present in what follows, whenever a quantity with light quark flavor q and/or s is mentioned, it means that the linear fit in Eq. (17) is performed, i.e. γ h = 0.
Having fixed the light quark mass, we now want to interpolate in the heavy quark mass. In the framework of the HQET, the functional dependence of M H on m Q is:
whereΛ is the so-called binding energy, λ 1,2 are the first (flavor-spin) symmetry breaking corrections (describing the kinetic and chromomagnetic energy), and k = 3(−1), for 
where 
It can be argued that a fit of the spin-average mass M H = (3M V + M P S )/4, to extract κ charm is more suitable, because spin forces of O(1/m Q ) are canceled in this combination (see (18) ). For B = −0.32, corresponding also in this case to the minimum χ 2 , we obtain κ charm = 0.1232 (14) . Since the differences for the D−meson masses and decay constants as obtained by using the two values of κ charm is very small, in the following, whenever we refer 
which in physical units give
to be compared to the experimental numbers [24] 
We obviously fail to obtain the experimentally measured mass-difference. We get
which is to be compared to (m D * s − m Ds ) (exp.) = 143.8(4) MeV.
An alternative procedure is to consider the ratio C V V /C P P , from which the vectorpseudoscalar mass difference can be directly extracted. By using this method we get
which confirms that the ('spin') mass difference is systematically smaller than the experimental one, regardless of the procedure we use. Since we found a reasonable agreement for the hyperfine splitting in the light-quark sector [17] , the discrepancy in the heavy-quark case is probably a signal of large residual O(a 2 ) errors. We believe that the discrepancy cannot be entirely attributed to the use of the quenched approximation 6 .
Our results for the hyperfine splitting are shown in Fig. 3 . From that figure, we note the qualitative agreement between the dependence of the splitting on the light-quark mass measured on the lattice and its experimental counterpart. Moreover, the dependence of the hyperfine splitting on the meson mass is not dramatically larger than the experimental one, represented by a gray line in the figure. This is to be contrasted to the case of the unimproved Wilson action, where the lattice slope is by far larger than in the present case [21] , showing a clear effect of improvement, although insufficient to describe the experimental numbers. In Tab. 5, we list the results extrapolated in the light quark mass, at fixed m h . We now discuss the physical results for the D-meson decay constants. We first extrapolate the results, in the light quark mass, at fixed m h , by using a formula similar to Eq. (17), i.e.
The results of this extrapolation, m ℓ i → m q and m ℓ i → m s , are given in Tab. 4.
To handle the problem of extrapolation in the heavy-quark mass, at fixed light-quark mass, we rely on the heavy quark symmetry. The relevant scaling law is
where Φ(m H ), Φ ′ (m H ) depend logarithmically on the mass, e.g. 7 . In the interval of masses considered in this study, the logarithmic corrections are negligible. For this reason, in our fits, we used
where Φ 0 , Φ 1 and Φ 2 are constants. At the physical point M H = am D (corresponding to κ h = κ charm ), we read off the valueF D in lattice units. To express it in physical units, one simply multiplies by a −1 . The same procedure can be used for the vector-meson decay constants. Another possibility, is to consider the ratiosR H (m h , m ℓ ) =F H (m h , m ℓ )/F P S (m q , m ℓ ) andR H * =F H * (m h , m ℓ )/F V (m q , m ℓ ), and to extrapolateR H (m h , m ℓ ) in m ℓ and m h by using eqs. (25) and (27) , with the obvious replacementF H →R H (F π,ρ =F P S,V (m q , m q ), F K,K * =F P S,V (m q , m s )). The physical values of the decay constants are then obtained by using
and similarly for the vector mesons
The experimental values of the decay constants that we use are the following ones [24] : f
MeV. The results are given in Tab. 6. We also give the decay constants obtained by including the KLM factor which we discuss in Sec. 4. The differences can be used for an estimate of the residual O(a 2 ), discretization errors in the determination of the matrix elements. In Tab. 7, we list the corresponding results for vector mesons. (14) 210 (15) 231 (12) 230(13) Table 6 : Pseudoscalar decay constants for D-mesons using the scaling law in Eq. (27) . Results including the KLM factor discussed in the text, are given in the lower part of the table.
Whether we use a linear or a quadratic fit to interpolate to κ charm , our results in the D-sector remain practically unchanged. In order to illustrate the stability of the results for D mesons, we also show in Fig. 4 , the results of the linear and quadratic fits in 1/M H .
The observed stability makes these results quite remarkable: we use the non-perturbatively improved action; the operators and the renormalization constants are also improved; the results obtained by using the heavy quark scaling laws are unchanged, regardless of whether we take quadratic (1/M 2 H ) corrections into account or not; the results are practically insensitive to the presence of KLM factors; there is no important dependence on the quantity chosen 
248 (19) 246 (21) 275 (15) 273 (16) 
With KLM factor Table 7 : Vector decay constants for charmed-mesons obtained by using the scaling law in Eq. (27) . Results, including the KLM factor discussed in the text, are also given.
to fix the physical normalization. The errors that we quoted in (1) , are obtained in the following way: a central value is fixed by the result obtained from the linear fit in 1/M H , with the scale fixed by m K * , and the KLM factor included; we quote the statistical error as estimated using the jackknife procedure; all the residual differences are lumped into the systematic uncertainty (the difference between the central values of the results obtained by using different quantities for the scale fixing, and the difference with the central value of the result obtained from the quadratic fit in 1/M H ). It is also worth noticing the remarkable stability of the ratio f Ds /f D (see Eq. (1)), although it may be questioned whether we are really able to predict the SU(3) breaking properly in the quenched approximation. More discussion on this point will be given in Sec. 5.
B mesons
In this section, we present the results of the extrapolation of the decay constants to the B mesons, and discuss the discretization errors in the extrapolation. When extrapolating the raw data obtained for m h ∼ m charm to the B-sector, two important effects may arise. On the one hand, the inclusion of the quadratic term Φ 2 /M 2 H in Eq. (27) (13)) become much larger. This is to be contrasted to the case of D-mesons, where the inclusion of the quadratic corrections leaves the results essentially unchanged, cf. Tabs. 6 and 7.
The effect of c A , c V , b V and b A is sizable for the scaling behaviour of f B,B * . Note also that if we used c NP V , this effect would be huge for the vector decay constant. For instance, in the range of quark masses considered in our simulation, the renormalization constants Z V,A (m), defined in Eq. (13), increase by 20 ÷ 50 %, relatively to their values in the chiral limit. Since Z V (m) and Z A (m) are multiplicative factors, their effect is very important for the extrapolation to the B-sector. This is illustrated in Fig. 5 : when Z A (m) is included, we note that the quadratic fit is more desired, although the linear one is compatible with the data. The embarrassing point is that the values of f B and f B * , as obtained from the linear and quadratic fit, are hardly compatible, see Tabs. 8 and 9. This is particularly pronounced for B ( * ) Table 8 : Pseudoscalar decay constants for B-mesons using the scaling law in Eq. (27) . Results with the KLM factor included are listed in lower part of the table.
The curvature in the fit to f B could partially be induced by O(a 2 ) terms, still present in the calculation of the matrix elements. A possible way to account for some of these effects is through the so-called KLM factor [25] . In our case, this means that, besides the factor (25) 241 (32) 239 (21) 280 (24) f Table 9 : Vector decay constants for B-mesons using the scaling law in Eq. (27) . Results including the KLM factor discussed in the text, are also given.
(1 + b J ma) already included in the definition of the renormalized currents (13), we may try to include the effects of higher order terms in ma, by using the following relation
where am = (am h + am ℓ )/2, and am i is the usual expression for the bare quark mass (16) . Equation (30) is a consequence of the redefinition of a quark field, q → √ 1 + am q (in the KLM way), which comes from the comparison of the free lattice quark propagator to its continuum counterpart. The results which include the KLM correction are given in the lower part of Tabs. 6, 7, 8 and 9. In the case of D-mesons, the effect of KLM is indeed negligible. In the case of B-mesons, we observe a slight change in the central values, e.g. f B = 187 MeV → 179 MeV. However, the distance between the values obtained with linear and with quadratic fits remains essentially unchanged. In the absence of a larger range of masses, we are unable to reduce the difference between results obtained with the linear and quadratic fits. As it has been done for D-mesons, we quote the results of the linear fits as our central values, and include in the systematic error the differences between our central values and i) the results from the quadratic fit; ii) the results without the KLM factor incorporated; iii) the results obtained by using other quantities (f K , f π ) to extract the physical values. Our final results are those given in Eq. (2).
Scaling laws and related issues
In this section, we discuss several interesting quantities for the study of the scaling laws predicted by the HQET, and their validity in the range of quark masses between the charmed and the bottom one. We introduce several ratios of decay constants which are useful to get some physical information.
We first consider the scaling law for the decay constants. The results for the coefficients in Eq. (27) , as obtained from our fits, are given in Tab 
where the physical values were obtained by using a −1 (m K * ). Data points, and extrapolated values, are displayed in Fig. 6 . We see that the scaling law is very well satisfied by using the linear fit. The inclusion of the quadratic term, although irrelevant in the directly accessible region of the meson masses, produces large deviation from the expected extrapolated value ξ 0 = 1, as M H → ∞. Thus, by using the linear fit, we arrive at
and
We end this section by presenting a set of ratios which may be explored in order to extract the physical decay constants by using some measured quantities.
• As it was suggested in Ref. [13] , the decay constants can be conveniently presented in terms of f Ds , which is already measured 9 :
f B f Ds = 0.78 ± 0.04
f Bs f Ds = 0.88 ± 0.03 
The error estimates are obtained in the same way as in Sec. 4. f B /f Ds is the value which has been used in Eq. (4), as an alternative way to extract the value for f B .
• Other phenomenologically interesting ratios for testing the factorization hypothesis in non-leptonic modes, are (see [30] ):
• In the quenched approximation, the SU (3)-breaking parameter r K − 1 ≡ f K /f π − 1, is expected to be smaller than its experimental value. A smaller value of r K − 1 is predicted by one-loop quenched chiral perturbation theory [31] , and is verified in numerous simulations (with either unimproved or improved actions and operators [17] ). A similar effect is also expected for [32] .
In this respect (in the hope of reducing the quenching errors), it may be interesting to examine the Grinstein-type double ratio R H = r H /r D [33] . From our data, we have
which upon an extrapolation to the B-meson mass, amounts to
Using R (lin) B and r D = 1.10(2) from (1), we have r B = 1.134 (34) , in perfect agreement with the direct determination, given in (2).
• The double ratio can be used to estimate the quenching errors in the predicted values of r D and r B . To this purpose, we definē
where r H and r K , are obtained in the quenched lattice calculation. Using our data (r K = 1.12(5) [17] ) and (f K /f π ) (exp.) = 1.22 [24] , we end up with 
which are ∼ 9% larger than the results obtained directly and quoted in Eqs. (1) and (2) . If this difference of 9% is the realistic estimate of the quenching errors, they are much smaller than the pessimistic estimate of Ref. [32] , where ∼ 20% of (quenching) error was predicted. Note that the ratiosr D andr B , do not depend on the fit we use (linear or quadratic). A similar game with f B /f Ds results in f B f Ds = 0.71 ± 0.04
which gives f B = (180 ± 26(exp.) +29 −10 (theo.)) MeV, where we accounted for the experimental value for f (exp.) Ds . This result agrees with the value we reported in (2).
Conclusion
We have analyzed masses and decay constants of heavy-light pseudoscalar and vector mesons, using the non-perturbatively improved action and currents. Particular attention has been paid to the errors coming from the extrapolation in the light and heavy quark masses.
We find that the hyperfine splitting is definitely below the experimental value, in spite of the improved action.
The values predicted for the decay constants of D mesons are extremely stable against variations of the fitting procedure, inclusion of KLM factors etc. Thus we believe that the main error on these quantities is the quenching error.
On the contrary, we find larger uncertainties for the B-meson decay constants, mainly due to the amplification of discretization effects when extrapolating to the b-quark mass, and to the uncertainty in the extrapolation procedure. In spite of these uncertainties, and of the fact that our results are obtained at a single value of the lattice spacing, we believe a value of f B much lower than 170 MeV rather unlikely. Indeed, for β ≥ 6.0, with Wilson-like fermions at fixed lattice spacing, almost all lattice calculations give f B larger than 160 MeV. This value has been quoted as the "world average" obtained in Ref. [34] , after combining results obtained with propagating quarks, with those obtained using some effective theory, as NRQCD [35] , or the FNAL action [36] . Low values of f B with propagating quarks are obtained only after extrapolating in a to the continuum limit [13, 34] , with procedures which we believe are questionable (for example by including data at low values of β, i.e. too close to the strong coupling regime). Our results, which should have smaller discretization errors than other calculations at fixed lattice spacing, confirm a value of f B (in the quenched approximation) larger than 170 MeV. A (rather) indirect evidence that a larger value of f B is preferred can be obtained by combining f B /f Ds from the lattice with the experimental value of f Ds . This gives f B ≃ 180 ÷ 190 MeV, with an error of about 40 MeV. Finally, we used the Grinstein double-ratio method, in order to try to reduce the quenching errors for (ratios of) decay constants.
